The coupled atmosphere-ocean system defines the environment we live. The research of this complex, nonlinear and multiscale system is not only scientifically challenging but also practically important.
1 Introduction: A coupled atmosphere-ocean model
We also assume the following compatibility condition: The non-autonomous partial differential equation (1.1) is only defined on the air-sea interface and it may be regarded as a dynamical boundary condition. The boundary condition (1.7) involves a coupling between the atmospheric and oceanic temperature at the air-sea interface.
In the next section, we discuss the well-posedness of this coupled atmosphere-ocean model. Then we investigate the stability of this coupled system under external fluctuation in 
Mathematical Setup
In order to use the standard result in [19] for the local existence, we homogenize inhomogeneous boundary conditions for are also assumed. Using the theory in [19] , we can obtain the following local existence theorem for problem (2.1)-(2.9) (that is (1.1)-(1.9)). In order to obtain the global existence, we need a priori estimates. First, we give a priori estimates for (1.1)-(1.9) in ¡ . In the sequel, By the Cauchy-Schwarz inequality, we arrive at
. Assume that the physical data satisfy
, and
and aslo assume that the compatibility condition (1.10) be satisfied. Then for any given 
Stability under External Fluctuation
Paleo-evidence on the instability of the thermohaline circulation is now abundant. Numerical work suggested that a sufficiently large external forcing (such as external fluctuations in the atmospheric energy balance model and the freshwater flux at the air-sea interface) could destabilize or shutdown the thermohaline circulation [25] . This indicates that current capacity of carrying heat poleward by the thermohaline circulation may change when the freshwater budget is altered. Since the thermohaline circulation's important role in redistributing the heat around the globe, a breakdown or instability of the current thermohaline circulation may lead to dramatic climate change [26] . Because of this relation between the thermohaline circulation and climate change, there is growing interest in its stability or instability. This makes the stability issue of the thermohaline circulation not only of scientific but also of great practical importance.
In this section, we prove the stability of the coupled atmosphere-ocean system with respect to the external fluctuation
in the atmospheric energy balance dynamics (1.1), i.e., the continuous dependence of solution on are solutions with respect to
The corresponding boundary conditions are as follows. On the whole boundary:
At the lateral boundary
Similar to the discussion in s 2 above, we have
In order to estimate the terms
, we need the following lemma:
The nonlinear Jacobian operaror
has the following property
for every
The proof of this lemma is in [15] . By Lemma 3.1, we havë
Note that
Then by a similar argument as in s 2 and using the Cauchy-Schwarz inequality, we conclude that
where Ë depends on
as well as the C norm of i ¥
and
. By the Gronwall inequality, we further have
for any given
and some positive constant , we omit the proof here, as the similar derivation will be done in is bounded. So we have the following stability theorem. 
Theorem 3.2 (Stability under the external fluctuation) The coupled atmosphere-ocean system (2.11)-(2.14) (that is (1.1)-(1.4)) is stable under the external fluctuation in the atmospheric energy balance model. Namely, the solution of the coupled system depend continuously on the external fluctuation

Dissipativity and Atmospheric Temperature Feedback
The ocean and the atmosphere are constantly interacting through the air-sea exchange process. It is expected that the thermohaline circulation could provide feedback to the air temperature. This is a direct impact of the thermohaline circulation on the climate. It is desirable to predict or estimate this feedback. To this end, let us estimate the air temperature in the mean-square norm, in terms of the freshwater flux We will also show that the system generated by (1.1)-(1.9) is a dissipative system in the sense of [18] or [28] under some conditions, that is all solutions
and
First, we derive a uniform estimate for
. Using the standard energy estimate as given in s 2, we get
will be chosen later. By the trace inequlity, we have
is the constant in the following Poincaré inequality (note that
, then (4.4) can be written as
Then, multiplying (4.3) by~s
and adding to (4.6), we get
, we could choose
For example, we choose
. Then we take
So, in the case of
, (4.7) can be written as
, we will have similar estimate. Since
we further have
Using the Poincaré inequlity again for i and letting
, the estimate (4.8) becomes
Using the Gronwall inequality, we finally obtain the mean-square norm estimate for the solution of the coupled atmosphere-ocean model:
In particular, we get the mean-square norm estimate for the atmospheric temperature feedback
This atmospheric temperature feedback estimate is in terms of physical quantities such as the freshwater flux are the constants in the Poincaré inequality on the domain in the cases of zero Dirichlet boundary condition and zero mean value, respectively. Moreover, is a constant depending only on the domain ,
We can furthermore derive solution estimate in norm. To do so, we first get from (4.10)
be bounded by some (big) upper bound w ¡ and denote
Next, we derive a uniform estimate of gradient of
. In order to avoid the difficulty caused by the non-homogeneous boundary conditions, we use equations (2.11)-(2.19) instead of (1.1)-(1.9). Multiplying (2.11)-(2.14) by is only dependent on , we get
, similar to [14] , we have¨v
Using the Cauchy-Schwarz inequality, (4.20)-(4.26) and (4.14), when î t , we get
By (4.15) and a uniform Gronwall lemma ( [28] ), we obtain
By (4.14) and (4.28), we know there exists an absorbing sets
, we obtain
. So, as seen in the discussion of this section, we know that the stability (proved in 
Strong Contraction and Almost Periodic Atmosphere-Ocean Dynamics
In this section, we study the coupled atmosphere-ocean dynamical response to almost periodic (in particular, periodic and quasi-periodic) external fluctuation 
satisfy the following equations:
On the whole boundary:
The initial conditions are:
Using energy estimates as in
and t is only dependent on , we get
The initial conditions are: and , we get 
